Introduction
In this article we construct examples of coassociative 4-folds with conical singularities in compact 7-manifolds with G 2 holonomy. We apply a method for constructing compact holonomy G 2 manifolds given in [12] and deformation theory results from the author's paper [17] to achieve our goal. The essential new ingredient is an understanding of the stability of some coassociative conical singularities which arise from complex surface geometry. The work in this article provides a natural first step in trying to construct calibrated fibrations of compact manifolds with G 2 holonomy, following the proposal in [13] .
Our main result is the following. Theorem 1.1 Given a pair of maximal deformation families of Fano 3-folds, one can construct a one-parameter family of compact manifolds with G 2 holonomy, which contain coassociative K3 surfaces with conical singularities.
Motivation
One of the principal motivations for this research comes from the author's earlier work on coassociative 4-folds with conical singularities, given in [16] and [17] , and the fact that no examples of such singular submanifolds were known in compact manifolds with G 2 holonomy. The author's earlier studies were themselves initially inspired by the series of papers [7] - [11] by Joyce on special Lagrangian submanifolds with conical singularities. The other main source of inspiration comes from the work of Kovalev [12] on constructing compact manifolds with G 2 holonomy and his proposal for a coassociative K3 fibration outlined in the preprint [13] .
Summary
We begin in §2 with the basic definitions we need, including concepts from calibrated geometry and Geometric Measure Theory. We also discuss the relationship between complex geometry in C 3 and calibrated geometry in R 7 .
In §3 we define the notion of a submanifold with conical singularities. We then summarise the deformation theory results for coassociative 4-folds with conical singularities from [17] . We conclude the section by discussing coassociative integral currents with multiplicity one tangent cones and show that, if the tangent cone at a point is non-planar and Jacobi integrable, then the coassociative 4-fold has a conical singularity at that point.
Finally, in §4, we begin by discussing the method for constructing compact 7-manifolds with G 2 holonomy given in [12] . We then prove Theorem 1.1 by showing that some singular K3 surfaces which naturally arise from the construction in [12] have conical singularities which are stable under perturbations of the ambient metric.
Notes
(a) Manifolds are taken to be nonsingular and submanifolds to be embedded, for convenience, unless stated otherwise.
(b) We use the convention that N = {0, 1, 2, . . .} and Z + = N \ {0}.
Coassociative 4-folds
In this section we cover all of the basic definitions and theory we need.
Calibrated geometry and Geometric Measure Theory
We will need some general theory from calibrated geometry later, so we start with the following definition.
Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent m-plane W on M is an oriented m-dimensional vector subspace W of T x M , for some x in M . Given an oriented tangent m-plane W on M , g| W is a Euclidean metric on W and hence, using g| W and the orientation on W , there is a natural volume form, vol W , which is an m-form on W . A closed m-form φ on M is a calibration on M if φ| W ≤ vol W for all oriented tangent m-planes W on M , where φ| W = κ · vol W for some κ ∈ R, so φ| W ≤ vol W if κ ≤ 1. An oriented m-dimensional submanifold S of M is a calibrated submanifold or φ-submanifold if φ| S = vol S .
We shall need some ideas from Geometric Measure Theory. A good introduction to this theory, which we only need in a superficial way, is given in [20] . 
We also define the interior T • of T to be the set supp T \ supp ∂T . Given an m-dimensional oriented rectifiable set S and a function ν :
If supp T S is compact, we say that T S (or simply S, since T S is defined by S) is an m-dimensional rectifiable current and we denote the set of m-dimensional rectifiable currents by R m (M ). We also let
Finally, we define the set of m-dimensional locally integral currents by
The idea behind a rectifiable current is to generalise the notion of a compact C 1 -submanifold with boundary to include multiplicities (given by the function ν) and to allow for singular behaviour. Since the boundary of a rectifiable current may be very badly behaved, we often require that the rectifiable current be integral. Since we shall need to deal with planes and cones which are definitely not compact, we expand our notation to include the "local" versions of the integral and rectifiable currents. The majority of this paper will be dedicated to the study of cones, so we make some formal definitions for convenience. Definition 2.3 Recall the notation of Definition 2.2, let W be an n-dimensional normed vector space and let S(W ) be the unit sphere in W with respect to the norm. An element C ∈ R m loc (W ) is a cone in W if tC = C for all t > 0, and we call C ∩ S(W ) the link of C.
We formally define convergence in the space of currents as follows.
Definition 2.4
Recall the notation of Definition 2.2. We say that a sequence
, where integration is carried out with respect to H m and includes multiplicities.
In the seminal work on calibrated geometry [4] , the relationship between calibrated geometry and Geometric Measure Theory is discussed at length. We note some of the observations originally presented there. Definition 2.5 Let (M, g) be a Riemannian manifold, let φ be an m-form which is a calibration on M and recall the notation of Definition 2.2. By the work in [4] , we can define S ∈ I m (M ) to be an integral φ-current if S is calibrated with respect to φ; that is, S φ = vol(S). Then integral φ-currents are volume-minimizing in their homology class. We can also define a locally integral φ-current in M in the obvious manner.
One of the key ideas in Geometric Measure Theory is the concept of a tangent cone, which we now define. Definition 2.6 Let (M, g) be a complete Riemannian n-manifold and recall the notation of Definition 2.2. Let S ∈ R m loc (M ) and let x ∈ S
• . Choose a diffeomorphism υ : V → B, where B is an open neighbourhood of the origin in R n and V is an open neighbourhood of x in M . Let U = V ∩ S and let Υ = dυ| x , which is an isomorphism between T x M and R n . A tangent cone for S at x is a cone C in T x M such that there exists a strictly decreasing positive sequence (r j ), converging to zero as j → ∞, such that
in the sense of Definition 2.4.
In Geometric Measure Theory, there are two notions of 'tangent cone': one is a set and the other is a current. We have defined a current in Definition 2.6 and so it is, strictly speaking, an oriented tangent cone in the sense of Geometric Measure Theory. Oriented tangent cones can be defined for more general currents than locally rectifiable ones, but then one only requires a weaker form of convergence in the definition of an oriented tangent cone. We conclude with an important result which follows from [6, Theorem 4.4.4] .
Proposition 2.7 Let φ be a calibration on a complete Riemannian manifold M and let S be an integral φ-current in M . There exists a tangent cone to S at each x ∈ S • , and it is a locally integral φ| x -current in T x M .
Calibrated geometry in R
The next result, [19, cf. Proposition 4.2] , is invaluable in describing the deformation theory of coassociative 4-folds.
Proposition 2.17 Let N be a coassociative 4-fold in a 7-manifold M with G 2 structure (ϕ, g ϕ ). There is an isometric isomorphism between the normal bundle
infinitesimal coassociative deformations of N are governed by closed self-dual 2-forms on N .
Remarks From Proposition 2.17 and some further analysis, one may deduce as in [6, Theorem 12.3.4] , by following [19, Theorem 4.5] , that the moduli space of deformations of a compact coassociative 4-fold N in an almost G 2 manifold is a smooth manifold of dimension b 2 + (N ). The author [17] adapted this deformation theory result to the situation where N has conical singularities, which will be invaluable for the study in this article. The relevant material in [17] will be the focus of Section 3.
We shall also be briefly concerned with SU(3) structures, so they form the subject of the next definition. be an almost Hermitian 6-manifold; that is, g is a Riemannian metric on the almost complex 6-manifold Y , J is an almost complex structure preserved by g and ω is the associated (nondegenerate) (1, 1)-form on M . An SU(3) structure on Y is a choice of nowhere vanishing (3, 0)-form Ω on Y such that, for all y ∈ Y , there exists an orientation preserving isomorphism ι y :
is an almost Hermitian 6-manifold endowed with an SU(3) structure, the product 7
structure given by ϕ = dx∧ω +Re Ω and g ϕ = dx 2 +g, where x is the coordinate on R or S 1 , by [6, Proposition 11.1.9] . Moreover,
Note If (Y, g, J, ω) is a compact Kähler 3-manifold and Ω is a nowhere vanishing
4 Ω ∧Ω then the SU(3) structure is torsion-free and (Y, J, g, ω, Ω) is called a Calabi-Yau 3-fold. These are the natural 'SU(3) analogues' of the manifolds defined in Definition 2.15. In particular, the CalabiYau condition is equivalent to saying that the compact Kähler manifold has metric g with holonomy contained in SU(3).
Conical singularities
In this section we review some of the theory of conical singularities of coassociative 4-folds as described in [17] . We also prove an important new result which shows that singular coassociative integral currents with particularly "nice" tangent cones have conical singularities.
Coassociative 4-folds with conical singularities
We first define a preferred choice of local coordinates on an almost G 2 manifold near a finite set of points, which is an analogue of one given for almost CalabiYau manifolds in [7, Definition 3.6] . We let B(0; δ) ⊆ R
7 denote the open ball about 0 with radius δ > 0.
We call the set {χ i :
We say that two G 2 coordinate systems near z 1 , . . . , z s , with maps χ i and χ i for i = 1, . . . , s respectively, are equivalent if dχ i | 0 = dχ i | 0 = ζ i for all i. Definition 3.2 Let (M, ϕ, g ϕ ) be an almost G 2 manifold, let N ⊆ M be compact and connected and let z 1 , . . . , z s ∈ N be distinct. Let {χ i : B(0; ǫ M ) → V i : i = 1, . . . , s} be a G 2 coordinate system near z 1 , . . . , z s , as in Definition 3.1. We say that N is a 4-fold in M with conical singularities at z 1 , . . . , z s with rate µ, denoted a CS 4-fold, ifN = N \ {z 1 , . . . , z s } is a (nonsingular) 4-dimensional submanifold of M and there exist constants 0 < ǫ < ǫ M and µ ∈ (1, 2), a
and
, and |.| is calculated with respect to g i .
We call C i the cone at the singularity z i and L i the link of the cone C i . We may write N as the disjoint union
Suppose N is a CS 4-fold at z 1 , . . . , z s with rate µ in (M, ϕ, g ϕ ) and use the notation of Definition 3.2. The induced metric onN , g ϕ |N , makesN into a Riemannian manifold. Moreover, it is clear from (6) that, as long as µ < 2, the maps Ψ i satisfy
Consequently, the condition µ > 1 guarantees that the induced metric onN genuinely converges to the conical metric on C i .
Note As shown on [17, p. 6], since µ ∈ (1, 2), Definition 3.2 is independent of the choice of G 2 coordinate system near the singularities, up to equivalence. 
It is clear how we may construct such a function.
We now make a definition which also depends only on equivalence classes of G 2 coordinate systems near the singularities. 
It is straightforward to see, using (6), thatĈ i is a tangent cone at z i in the sense of Definition 2.6. Since the tangent cone has multiplicity one, [23, Theorem 5.7] implies thatĈ i is the unique tangent cone to N at z i . It is still an open question whether a general calibrated integral current has a unique tangent cone at each point.
We conclude with a straightforward result relating to the tangent cones at singular points of CS coassociative 4-folds. This follows from Proposition 2.7 or, by more elementary means, from [17, Proposition 3.6].
Proposition 3.5 Let N be a CS coassociative 4-fold at z 1 , . . . , z s in an almost G 2 manifold. The tangent cones at z 1 , . . . , z s are coassociative.
Weighted Banach spaces
For this subsection we let (P, g) denote the nonsingular part of a CS 4-fold in an almost G 2 manifold and let ρ be a radius function on P , as given in Definitions 3.2 and 3.3. We also let ∇ denote the Levi-Civita connection of g. We wish to define weighted Banach spaces of forms on P as in [2, §1] .
We shall use the notation and definition of the usual 'unweighted' Banach spaces of forms as in [5, §1.2] ; that is, Sobolev and Hölder spaces are denoted by L p k and C k, a respectively, where p ≥ 1, k ∈ N and a ∈ (0, 1). Recall that,
We also introduce the notation C k loc for the space of forms ξ such that f ξ lies in C k for every smooth compactly supported function f , and similarly define spaces
Definition 3.8 Let E be a vector bundle on P endowed with Euclidean metrics on its fibres and a connection preserving these metrics. Let d(x, y) be the geodesic distance between points x, y ∈ P , let a ∈ (0, 1), let k ∈ N and let λ ∈ R. Let
there exists a geodesic in P of length d(x, y) from x to y},
We understand the quantity |s(x) − s(y)| E as follows. Given (x, y) ∈ H, there exists a geodesic γ of length d(x, y) connecting x and y. Parallel translation along γ using the connection on E identifies the fibres over x and y and the metrics on them. Thus, with this identification,
is finite, where
It is clear that we have embeddings
is well-defined.
Deformation theory
We now review and discuss the key deformation theory results for CS coassociative 4-folds from [17] . We begin by recalling the linear differential operator governing infinitesimal deformations of CS coassociative 4-folds.
Definition 3.9 Let N be a CS coassociative 4-fold in an almost G 2 manifold. Let p > 4, k ≥ 2 and let λ ∈ R. Define
Definition 3.10 Let N be a CS coassociative 4-fold in an almost G 2 manifold and use the notation of Definition 3.2. Let 
In [17] the author studied deformations of CS coassociative 4-folds, allowing the singularities and tangent cones to vary, and permitting changes in the ambient G 2 structure. However, for our purposes, we require a slightly more general theory, where we allow the underlying cones on which the singularities are modelled to vary as well. We now define the moduli space of deformations. 
We state the deformation theory result we require. 
is a smooth manifold of dimension equal to that of I(N, µ, C).
We can actually say more about the spaces I(N, µ, C) and O(N, µ, C). Proposition 3.13 Use the notation of Definitions 3.9-3.11 and Theorem 3.12.
(a) I(N, µ, C) contains a subspace isomorphic to
These results essentially follow from [17, Theorem 7.9 & Proposition 8.10], the only difference being that we now include the possibility that the underlying cones C i on which the singularities are modelled can deform in the families C i . Rather than repeating the entire analysis with this change, we appeal to the similar discussion in [8, §8.3] ; that is, the infinitesimal deformation space I(N, µ, C) is unchanged but the dimension of the obstruction space O(N, µ, C) is reduced by the dimension of the families in which the cones vary.
In [17, Theorem 7 .13] we prove a result for deformations of N where the ambient G 2 structure on M also varies. We see that we have to restrict our choice of perturbations of the G 2 structure as follows. The obstruction space for the deformation problem where the ambient G 2 structure deforms in the family F , suitably generalised to include the possibility that the cones at the singularities vary in the family C, is contained in O (N, µ, C) . Therefore, if O(N, µ, C) = {0}, for any sufficiently small perturbation of the G 2 structure (ϕ, g ϕ ) in F we obtain a corresponding CS deformation of N which is coassociative with respect to the new G 2 structure. Thus, we have the following corollary using [17 
for some p > 4, where the norms are calculated in T N with respect to g ϕ and
are small constants determined by the geometry of (M, ϕ, g ϕ ) near N (i.e. in T N ). Thus δ 0 is chosen so that these C 1 and L p 2 norms are smaller than the appropriate constants.
Multiplicity one tangent cones
In this subsection we study coassociative integral currents with multiplicity one tangent cones, motivated by the work on special Lagrangian integral currents in [7, §6] . The key condition is that the underlying cone is Jacobi integrable, which we define for a coassociative cone following [7, Definition 6.7] . Definition 3.16 Let C be a coassociative cone in R 7 with link L in S 6 such that C \ {0} is nonsingular. We say that v ∈ C ∞ (ν S 6 (Σ)) is a coassociative
the Hodge star on L. Notice that v is a coassociative Jacobi field if and only if r 3 * α v + r 2 α v ∧ dr is a closed self-dual 2-form on C of order O(r), and so defines an infinitesimal deformation of C as a coassociative cone; i.e. an infinitesimal deformation of L as a Lagrangian in S 6 in the sense of Definition 2.12.
We say that C is Jacobi integrable if every coassociative Jacobi field v on L defines a smooth one-parameter family {L t = exp tv (L) ⊆ S 6 : t ∈ (−τ, τ )}, for some τ > 0, of Lagrangian submanifolds of S 6 .
We now show that a coassociative integral current which has a multiplicity one tangent cone at a singular point z, modelled on a Jacobi integrable cone, has a conical singularity at z in the sense of Definition 3.2. Suppose that C is a cone in R 7 with link L such that C \ {0} is nonsingular andĈ = ζ(C) ⊆ T z M is a multiplicity one tangent cone for N at z. Then C is coassociative andĈ is the unique tangent cone for N at z. Suppose further that C is Jacobi integrable in the sense of Definition 3.16 and let U = N ∩ V . Then there exists ǫ ∈ (0, ǫ M ) and an embedding Φ :
Proof:
The fact that C is coassociative follows from Proposition 2.7. By [23, Theorem 5.7] , the tangent coneĈ is unique and U \ {z} can be realised as a
is not explicit in the statement of the theorem, but does follow from the proof. Moreover, Φ also satisfies:
as r → 0. Equation (12) 
as r → 0, since C is Jacobi integrable. We now only need a regularity argument to complete the proof, similar to [15, Proposition 4.17], which we now detail. Let P = ι((0, ǫ) × L) and recall that we have an isomorphism  P : ν(P ) → Λ and
where π Λ 2 + is the projection from 2-forms to self-dual 2-forms on P . Clearly, if F (α) = 0, the deformation exp v (P ) of P is coassociative and G(α) = 0. • d * acting on 3-forms on P . We deduce that G(α) = 0 is a nonlinear elliptic equation for α at 0; that is, its linearisation at 0 is elliptic. Since Φ is a C 2 -coassociative embedding satisfying (5), it defines a C 2 -normal vector field v Φ on P and hence a C 2 -self-dual 2-form α Φ on P which satisfies (13)- (14) and (12), since µ − 2 < 0.
Let ∇ be the Levi-Civita connection of the conical metric on P . We can write, for α ∈ C 2 loc (Λ 2 + T * P ),
where R and E are smooth functions of their arguments since G(α) is linear in ∇ 2 α and a smooth function of α. This leads us to define a new operator on
Note that S Φ is not the linearisation of G of 0, but it is a linear elliptic operator on β with coefficients in C 0, a
since E is no worse than quadratic in β and ∇β. Thus, using the Schauder regularity estimates as given in [18] and the fact that α Φ ∈ C 1, a µ , we deduce that α Φ ∈ C 2, a µ (Λ 2 + T * P ). A standard inductive argument leads us to the conclusion that α Φ ∈ C k, a µ for all k ∈ N. Thus the corresponding map Φ satisfies (6) as claimed.
From Definition 3.2 we have an immediate corollary to Theorem 3.17.
Corollary 3.18
Let N be a connected coassociative integral current in an almost G 2 manifold with ∂N = ∅. If N has multiplicity one tangent cones at its singular points modelled on Jacobi integrable coassociative cones, then N is a CS coassociative 4-fold in the sense of Definition 3.2.
Examples of CS coassociative 4-folds
In this section we produce our examples of coassociative 4-fold with conical singularities. We begin by describing the construction of compact G 2 manifolds we require and the singular 4-dimensional submanifolds which arise following [12] and [13] . Initially, we will have a singular coassociative 4-fold N in a compact almost G 2 manifold M , but the ambient G 2 structure will have torsion. We then show that N has conical singularities and that the singularities are stable under deformations of the G 2 structure. Finally, we deform the G 2 structure on M so that it has no torsion and simultaneously deform N to produce our CS coassociative 4-fold.
Examples of compact G 2 manifolds
Here we essentially review the relevant material from [12] that we require. The key ingredients will be Fano 3-folds and K3 surfaces, which we now define.
Definition 4.1 A compact complex 3-dimensional manifold X is a Fano 3-fold if its first Chern class c 1 (X) is positive. Equivalently, X has ample anticanonical bundle. Fano 3-folds are simply connected and projective.
A K3 surface P is a simply connected, compact, complex surface with c 1 (P ) = 0. A generic divisor in the anticanonical linear system of a Fano 3-fold is a smooth K3 surface by the work of Shokurov [22] .
The construction of compact G 2 manifolds in [12] proceeds via the construction of certain noncompact Calabi-Yau 3-folds. These noncompact Riemannian manifolds are called asymptotically cylindrical. We now define these manifolds formally.
Definition 4.2 Let (Y, g
) be a Riemannian n-manifold. We say that Y is asymptotically cylindrical (with rate λ) if there exist constants λ < 0 and R > 0, a compact subset K of Y , a Riemannian (n−1)-manifold (S, g S ) and a diffeomorphism Ψ :
where g cyl = dt 2 +g S is the cylindrical metric on (0, ∞)×S, ∇ is the Levi-Civita connection of g cyl and |.| is calculated with respect to g cyl .
We now make a definition for convenience.
Definition 4.3 Let X be a maximal deformation family of Fano 3-folds, let X ∈ X and let P, Q be K3 surfaces in the anticanonical linear system of X such that P ∩ Q is a nonsingular curve in X. LetX(P, Q) denote the blow-up of X along P ∩ Q and letP denote the proper transform of P inX(P, Q). Finally, let Y (X, P, Q) =X(P, Q) \P .
SinceX(P, Q) is the blow-up of X along P ∩ Q, we have a smooth map ̟ : X(P, Q) → CP 1 whose fibres are the proper transforms of the divisors in the pencil defined by P and Q. We may further introduce a holomorphic coordinate ζ on CP 1 such that ̟ −1 (0) =P , and see that, for some open neighbourhood U of 0 in the ζ coordinate, ̟ −1 (U \ {0}) is diffeomorphic to (0, ∞) × P × S 1 . Thus we may view Y (X, P, Q) as a manifold with a cylindrical 'end' with cross-section P × S 1 .
Our next result follows directly from [12, Corollary 6 .43]. for i = 1, 2, which are asymptotically cylindrical to (0, ∞) × P i × S 1 × S 1 . In [12, §4] it is explained that if P 1 and P 2 satisfy a certain 'matching condition', then one can apply a 'twisted connected sum' construction to Z 1 and Z 2 to get a one-parameter family of compact almost G 2 manifolds {(M T , ϕ T , g ϕT ) :
T > T 0 } for some T 0 > 0. Moreover, (ϕ T , g ϕT ) is simply the product G 2 structure on Z i as described in Definition 2.18 away from the 'interpolation region' where Z 1 and Z 2 are 'glued'. The only question is whether this 'matching condition' holds for P 1 and P 2 . The answer [12, Theorem 6 .44] is that there always exist X i ∈ X i such that P 1 and P 2 can be chosen which satisfy the 'matching condition'. Finally, [12, Proposition 5.32 & Theorem 5 .34] imply that one can always perturb the closed G 2 structure on M T to a torsion-free one for sufficiently large T . We can summarise these observations as a theorem.
Theorem 4.5 Let X 1 and X 2 be maximal deformation families of Fano 3-folds and recall the notation of Definition 4.3. There exist constants T 0 > 0 and λ < 0 and, for i = 1, 2, X i ∈ X i and a K3 surface P i in the anticanonical linear system of X i such that, for all T > T 0 and suitable Q 1 , Q 2 as in Definition 4.3, the following hold.
(a) There is a compact almost G 2 manifold (M T , ϕ T , g ϕT ) which, outside some compact set I T , is diffeomorphic to the disjoint union of Y 1 (X 1 , P 1 , Q 1 ) × S 1 and Y 2 (X 2 , P 2 , Q 2 )×S 1 endowed with the product G 2 structure induced from the asymptotically cylindrical SU(3) structure given by Theorem 4.4. The compact set I T is the interpolation region between Z 1 and Z 2 .
Note Of course, all of the M T are topologically the same, so we can view (ϕ T , g ϕT ) as a one-parameter family of closed G 2 structures on a 7-manifold M .
We now have the following important result.
Proposition 4.6 Use the notation of Theorem 4.5. Oustide I T , M T is fibered by K3 surfaces which are coassociative with respect to ϕ T . Moreover, for generic Q 1 and Q 2 , there exist coassociative K3 surfaces in (M T , ϕ T , g ϕT ) whose singularities are isolated and are ordinary double points.
Proof: After Definition 4.3 we noted that we have a fibration ̟ :X(P, Q) → CP 1 whose fibres are K3 surfaces. Necessarily some of these fibres will be singular and the generic singularity is an ordinary double point. Recall that we have the freedom to choose any smooth K3 surface Q in the anticanonical linear system of X which meets P in a nonsingular curve. Therefore, through generic choice of Q we can be assured that there are fibres other than the exceptional divisor whose only singularities are ordinary double points. Thus, for generic Q 1 and Q 2 , we have a projection ̟ T from M T \ I T to CP 1 × S 1 whose fibres are K3 surfaces in the fibration of Y 1 and Y 2 , embedded in the product manifolds Z 1 and Z 2 . Since Y 1 and Y 2 are Calabi-Yau manifolds and the almost G 2 structure on M T \ I T agrees with the product G 2 structure on Z 1 and Z 2 , a simple generalisation of Corollary 2.11 leads us to deduce that these fibres are coassociative with respect to ϕ T . We deduce the result.
Remark Of course we can say more here following [13] : by studying the G 2 structure on the interpolation region I T , it is clear that one can extend the coassociative fibration through I T .
For convenience we introduce the following notation.
Definition 4.7 Use the notation of Theorem 4.5 and let Q 1 and Q 2 be generic so that Proposition 4.6 applies. Let Γ T denote the set of coassociative K3 surfaces in (M T , ϕ T , g ϕT ) which have isolated ordinary double point singularities. By Proposition 4.6, Γ T is nonempty.
Our aim now is to show that the singular coassociative 4-folds in Γ T are 'stable' under the deformation from the closed G 2 structure given by ϕ T to the torsion-free G 2 structure ϕ T + dη T given in Theorem 4.5(b). The rest of the article is dedicated to this venture.
Singularities and stability
Motivated by the previous subsection, we now investigate the stability of the conical singularities of coassociative 4-folds which arise from complex geometry. We begin with an important observation. 
Proof: From Theorem 3.12, we see that O(N, µ, C) is a subspace of the cokernel of (d + + d * ) µ , as given in (8) , which is transverse to the cokernel of the map
given
Moreover, from the work in [17, §8] , the sum over λ ∈ (−1, µ)∩D in (9) is the upper bound of the dimension of the space of forms which adds to the cokernel of (d + + d * ) λ as the rate λ increases from −1 to µ. These precisely correspond, by the work in [14, §3 & §4], to elements (α i , β i ) ∈ D(λ, i) for some i, in the notation of Definition 3.10. Hence, we can improve the upper bound by considering the forms which add to the cokernel of
Therefore, we would like to know which elements of (
which is elliptic. Therefore, we can apply the theory of [14] and deduce that there is a countable discrete set of rates for which d + d * is Fredholm and, moreover, we can calculate which forms on L i correspond to forms onN which subtract from the kernel or add to the cokernel as λ increases from −1 to µ. These forms (α
Thus, by (17) ,
For λ = −2, solutions to (18) are equivalent to giving β ∈ C ∞ (Λ 3 T * L i ) with
These are therefore the elements of D(λ, i) which can lead to cokernel forms for (d + d * ) λ . Thus, forms
which can add to the obstruction space must be transverse to these elements. Since β i is also an eigenform of the Laplacian with eigenvalue λ(λ + 2), we quickly deduce that β i = 0. Notice that α i is automatically orthogonal to coexact forms since dα i = 0. The result follows.
This proposition invites us to make a definition following [8, Definition 3.6].
Definition 4.9 Let C be a coassociative cone in R 7 with nonsingular link L ⊆ S 6 . Let C be a smooth, connected family of coassociative cones in R 7 which contains C and is closed under the natural action of G 2 ⋉R 7 . Finally, for
We say that the cone C is C-stable if
Notice that the sum is well-defined because the set of λ for which dimĎ(λ) = 0 is countable and discrete by the observations in Definition 3.10.
If the family C consists solely of the G 2 ⋉R 7 transformations of C, we simply say that the cone C is stable. We also say that C is rigid if dimĎ(1) = 14 − dim G, where G is the Lie subgroup of G 2 preserving C.
Notes
(a) It is clear that stability of C implies rigidity. It is also clear that if C is rigid then it is Jacobi integrable, since then every Lagrangian deformation of L comes from G 2 transformations. However, we shall see that one may have cones which are Jacobi integrable but neither stable nor rigid. Let us look at the simplest example of a coassociative cone in R 7 , namely a coassociative 4-plane, and check its stability. We now study the stability of complex cones in C 3 as coassociative cones.
Proposition 4.11 Let C be a complex 2-dimensional cone in C 3 such that the complex link Σ of C in CP 2 is nonsingular. Suppose further that Σ is connected, its degree is d Σ and its genus is g Σ . Embed C in R 7 = R ⊕ C 3 and let L be the real link of C in S 6 . Let m L (µ) and m Σ (µ) be the multiplicities of the eigenvalue µ of the Laplacian on functions on L and Σ respectively, which we define to be zero if µ is not an eigenvalue. Using the notation of Definition 4.9,
Moreover,
and m L (3) ≥ 6 if C is non-planar.
Proof:
can be decomposed into eigenspaces of a U(1) action. This U(1) is not contained in G 2 , but the equations definingĎ(λ) in (19) are manifestly invariant under the U(1) action. Therefore, to understandĎ(λ) for λ ∈ (−1, 1], it is enough to study the equations dγ = −(λ + 2) * γ and (20)
, where u is the vector field corresponding to the U (1) action and m ∈ Z. Let ω 0 be the standard Kähler form on C 3 . Since C is a complex cone, ω 0 restricts to be the volume form on Σ and thus ω = ω 0 | L is a nowhere vanishing 2-form on L. Moreover, * ω is the 1-form on L dual to the U(1) vector field u. We can split T L⊗C into "horizontal" and "vertical" components with respect to the U(1) vector field u by taking multiples of u to be vertical vectors and horizontal vectors to be orthogonal to u; that is, we identify T L ⊗ C with T Σ ⊕ u C . Similarly, we can split T * L ⊗ C into horizontal and vertical components using * ω; i.e.
The splitting of T * L ⊗ C leads to a splitting of Λ 2 T * L ⊗ C via the Hodge star, so that the horizontal component is determined by ω. Overall, we can split the exterior derivative d acting on functions and 1-forms on L into horizontal and vertical components, denoted d h and d v . We can further define the horizontal Hodge star * h on α via * α = * h α ∧ * ω and set * h ω = 1. By (3) , if x 1 is coordinate on R in the decomposition R 7 = R ⊕ C 3 , then
-form which corresponds to the deformation of C by translation in the x 1 direction, and so must be closed. Notice that ω 0 | C = r 2 ω + r * ω ∧ dr, where r is the radial coordinate, and so dα 1 = 0 if and
We deduce from looking at the horizontal components of (20) that
Now, using Cartan's formula and the fact that u · ω = 0, (21) becomes:
We can also use (20) in (21) to see that:
Together, we deduce that
Since λ = −2, (20) forces d * γ = 0 and thus
Since α is a horizontal complex 1-form on L, it can be further decomposed into (1, 0) and (0, 1) components. We can similarly project d h f to these components of the horizontal 1-forms to define ∂ h f and∂ h f . Thus, 1) and so (23) becomes:
We notice that f = 0 forces m 2 = (λ + 2) 2 otherwise α = 0 and we have no nontrivial elements ofĎ(λ). Furthermore, (22) for f = 0 becomes
and so f = 0 = m − λ − 2 is equivalent to∂ h α (1,0) . The hyperplane bundle over CP 2 defines a complex line bundle H over Σ, which is also a real line bundle over L. We can, of course, identify H over L with the cone C, and so H has a global section s over L given simply by s(x) = x. It is clear that L u s = is and so α ⊗ s −m , by (25), is a U(1)-invariant section of T * L ⊗ C ⊗ H −m , and so pushes down to be a well-defined section of T * Σ ⊗ H −m over Σ. The condition
is a holomorphic section of P λ = T * (1,0) Σ ⊗ H −λ−2 . Since H is the bundle
. Thus, the number of holomorphic sections of P λ is
Hence, for f = 0, we get a subspace ofĎ(0) of dimension 2h 0 (P 0 ), corresponding to the holomorphic sections of P 0 plus the antiholomorphic sections of P 0 , and a subspace ofĎ(1) of dimension 2h 0 (P 1 ). Notice that P 1 is isomorphic to the normal bundle of Σ in CP 2 and so its holomorphic sections correspond precisely to the deformations of Σ as a holomorphic curve. It follows from (22)- (26) that, if ∆ = dd
We may also deduce from (22), (23) and (25) 
It is clear that the eigenvalues of ∆ and ∆ h have to be non-negative. If λ ∈ (−1, 0) then the only solution of (30) is f = 0. Thus, we must have that m 2 = (λ + 2) 2 by (27)-(28), but this is a contradiction to m ∈ Z. We deduce thatĎ(λ) = {0} for λ ∈ (−1, 0). If λ = 0 and f = 0 then we must have m = 0 by (31) and the solutions of (30) consist of constant (non-zero) functions. Since λ = m = 0 and f = 0 is constant, we see from (27)-(28) that α = 0. Thus, we have a 1-dimensional space of solutions to (20) - (21) for λ = m = 0 and f = 0. We deduce the formula for dimĎ(0).
If λ ∈ (0, 1] then the non-negativity of λ 2 + 2λ − m 2 by (30) forces |m| ≤ 1.
Moreover, solutions to (30) define α via (27)-(28) since m 2 = (λ+2) 2 . Moreover, the number of solutions of (31) for |m| ≤ 1 is 2m Σ (λ 2 + 2λ − 1) + m Σ (λ 2 + 2λ).
Moreover, we know that γ defines a closed self-dual 2-form which is homogeneous of order O(r λ ) on the cone C. Since C is algebraic and γ is globally analytic, we deduce that λ must be rational. The formula forĎ(λ) follows from these considerations and our earlier observations.
Finally, suppose C is non-planar. Since we can view the Lie algebra of SU(3) as a subalgebra of g 2 , we can decompose
⊥ is identified with a tangent vector on R 7 , v| C defines a normal vector w which then defines an infinitesimal non-zero deformation of C as a coassociative cone since v ∈ g 2 and C is non-planar. Moreover, w is not a complex deformation as v ∈ su(3) ⊥ . Thus (w · ϕ)| C will be an order O(r) self-dual 2-form which does not arise purely from a horizontal 1-form on L, and so defines an element of D(1) with f = 0. Since dim su(3) ⊥ = 6, we deduce that m L (3) ≥ 6 as claimed.
Remarks Notice for λ ∈ (−2, As an aside, we notice that Proposition 4.11 inspires the following result.
Proposition 4.12 Let C be a complex 2-dimensional cone in C 3 such that the complex link of C in CP 2 is nonsingular. Embed C in R 7 = R ⊕ C 3 and use the notation of Definition 4.9 applied to C. The numbers dimĎ(λ), for λ ∈ R, are invariant under deformations of C as a complex cone in C 3 .
Proof: Let L be the (real) link of C in S 6 as in Definition 4.9. By the definition ofĎ(λ) in (19) , the nonzero eigenvalues of
in one-to-one correspondence with the numbers λ = −2 such that dimĎ(λ) = 0. By extending the argument in the proof of Proposition 4.11, one sees that dimĎ(λ) = 0 whenever λ is irrational. This means that the nonzero part of the spectrum of * d is fixed under deformations of C as a complex cone, hence dimĎ(λ) is fixed for λ = −2. Since dimĎ(−2) = b 1 (L), which is clearly invariant under deformations of C, the result follows.
It is easy to check that Proposition 4.11 applied to a complex 2-plane, where Σ is a degree 1 CP 1 in CP 2 , implies the stability of complex 2-planes as coassociative 4-planes as we would expect. In fact, we can prove the following.
Lemma 4.13
The only complex 2-dimensional cones in C 3 which are stable as coassociative cones in R 7 are complex 2-planes.
Notice that the family C • is a deformation family of cones for C. The space of cones in C • with vertex at the origin is 16-dimensional because we have the two parameters given by a and the 14 parameters given by G 2 transformations because, apart from C, C a has a trivial stabilizer in G 2 . Thus, C is Jacobi integrable and, in fact, C • is a maximal deformation family of coassociative cones containing C. Finally, C • -stability follows by definition.
To implement our framework, we need the singular coassociative 4-folds given by Proposition 4.6 to have conical singularities in the sense of Definition 3.2. This is what we now show. Proof: The first part of the proposition is trivial. The second part follows immediately from the fact that the singularity z is an ordinary double point. The conclusion then comes by applying Corollary 3.18 as cones in C • are Jacobi integrable by Lemma 4.15. Proof: By Definition 4.9 and Lemma 4.15, we know that C = C ( 3 ) is C • -stable. The C • -stability of C is determined by the numbers dimĎ(λ) for λ ∈ (−1, 1], which are invariant under deformations of C as a complex cone by Proposition 4.12. Since C • is a maximal deformation family for C, hence for all the cones C i , we deduce that C i is C • -stable for all i. Proposition 4.8 then implies the result.
We can now conclude with our main theorem, from which Theorem 1.1 follows immediately. With this parameterisation of F , we see that ϕ (0,0) = ϕ T . Moreover, N is coassociative with respect to ϕ T for all T > T 0 , as it does not lie in I T and the G 2 structure does not change outside I T as T varies by Theorem 4.5(a). We therefore see that [ϕ (u,v) ] = 0 in H are of order O(e λT ) for some λ < 0. Moreover, by Theorem 4.5(a), the geometry near N is not changing as T varies, so the constant ǫ can be chosen to be independent of T . Thus, we can ensure that the relevant norms of dη T are sufficiently small by making T 0 larger.
